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Abstract

This paper establishes the reliability and efficiency of equilibrated a posteriori estimates for L? stress error control of
conforming displacement finite element approximations of incremental plasticity and viscoplasticity with hardening.
Explicit expressions for upper bounds of the reliability constant that enters the guaranteed upper error bound illustrate
its crucial dependence on the hardening material constants. Numerical experiments show that adaptive finite element
solutions with marking strategy based on the max-refinement rule and local equilibrated error estimators lead to opti-
mal empirical convergence rates.
© 2005 Elsevier B.V. All rights reserved.

Keywords: Elastoviscoplasticity; Hardening; Finite element method; A posteriori error estimate; Reliability; Efficiency; Adaptive
algorithms

1. Introduction

Within each time step in a finite element analysis of elastoplastic and elastoviscoplastic evolution prob-
lems, one must solve a variational inequality with a complicated material law determined by admissible
(generalised) stresses on top of the problem of linear elasticity. In the development of a posteriori error esti-
mates for this class of problems one would expect that the estimates should involve also a measure of the
residual in the material law, e.g., in some Kuhn-Tucker conditions on the plastic multiplier. However, as
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reported in [25], estimates of the norm of the residual in the equilibrium conditions might serve as an error
estimator for reliable error control of finite element approximations of incremental plasticity and viscoplas-
ticity. Corresponding residual-based estimates contain the term

Nrr :hZT/T\f+div;ah|2dx+/aThE|[ahvE]|2ds7 (1.1)

for one element 7 (of diameter /i7) with edges E (of length /iz) on its boundary 0T’; f'is a given volume force
and div oy, is the piecewise divergence while [6,,v] denotes the jump of the normal tractions ¢;,vz across the
element edge E in the direction vz (and standard modification on parts of the boundary of Q with applied
surface loads). The estimator of [25] presents, however, also other terms related to the plastic region where
the functional analytical setting required for perfect plasticity provides only very weak approximation
properties of the displacement field in BD(Q2) [40,20]. It is shown in [4,11] that (1.1) yields a reliable and
efficient error estimator

12
e = (Z n?) , (12)

TeT

that is, there exist constants Cg g and Cr r and higher order terms (hot) such that the following bounds
hold:

Crellr < ||O' — Gh”LZ(Q:Rdxd) + hot, ||O' - 6h||L2<Q;Rd><z{> < Crrafig + hot. (13)

The estimates (1.3); and (1.3), are next referred to as efficiency and reliability estimate, respectively. The
constants Cr ¢x and Cg e depend neither on the mesh-sizes /7, hg nor on the unknown exact solution
[14]; they depend on the domain, the material law and material (hardening and viscosity) parameters.
For more general error norms (or error functionals) the duality approach of [37,38,33,17] could be em-
ployed. The residuals of the computed solution are multiplied by local weights obtained numerically from
the solution of linearized dual problems. Although the theoretical justification of these estimates is disput-
able, this approach leads to very accurate error guesses and is very valuable for particular error functionals.

In this paper, we consider L? stress error control in elastoplasticity and viscoplasticity with hardening
[11,4,12,15]. Therein, in each time step, the functional analytical context of linear elasticity is applicable
on the price of that some constants crucially depend on the hardening moduli. Averaging [12], explicit resid-
ual type [25,11,4], and heuristic estimates [8,36] of the error have been considered and analysed for the finite
element error control of incremental plasticity. In these contributions, the above dependence has been al-
ways mentioned but never investigated. For explicit residual-based a posteriori error estimators it is more-
over known for elliptic problems [13] that the strict estimation of Cg ¢ often leads to a huge overestimation
and hence appears almost useless as stopping criterion. For sharp error control, on contrary, the implicit
error estimators such as the equilibration error estimator [28,2] have proved to give a better performance
[13]. This is also confirmed by several applications of the equilibration techniques for the construction of
admissible solutions used in the family of error measures based on the error in the constitutive equations for
associative material models [21,30].

The main goals of this work are therefore the following. First, we want to explore in an explicit way the
type of dependence of the reliability constants on the material properties, in particular on the hardening
modulus and the viscosity coefficient for a quite general class of inelastic material models. Instrumental
are the establishment of some bounds on the plastic strain error in terms of the stress error, useful also
in a broader context than error control of finite element approximations. Second, we want to analyse
the feasibility of equilibration technique for efficient and reliable error control of the space discretization
error. Finally, we want to investigate the numerical performance of adaptive finite element schemes with
marking strategy based on the max-refinement rule and on the local equilibrated error estimators ngq, 7.
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Likewise in linear elasticity, the local error indicators ngq r are related to the Riesz representation in a
suitable Hilbert space # 7 to be made precise later of the local residual ZEQ,

R = [y vdx + JI - vds, 1.4
T , hE
T Ecor JE

where J; , with E C 0T arises from the equilibration splitting of the residual jump Jj, g resulting by the lack
of equilibrium of the normal tractions o;,vg across E and r;, ris associated with the lack of equilibrium at the
interior of each element 7 € 7. The incremental form of the evolution equations describing the plastic
material law are satisfied exactly at the Gauss points of each element, hence the material law has therein
a vanishing residual. Excluding the error accumulation for progressing time steps, the only remaining resid-
uals are, therefore, the discrete equilibrium conditions of (1.1). A posteriori error analysis of the time dis-
cretization error is, however, not straightforward to involve, hence in this paper we focus only on one time
increment. For an analysis based on first principles of the all important effects of time discretization one
can, however, refer to [5,21,31,32,35].

The remaining part of the paper is organized as follows. Section 2 introduces notation and setting of the
problem under consideration, Section 3 presents a general class of constitutive models in elastoplasticity
and elastoviscoplasticity. This prepares the ground for the main results of the paper in Section 4. Here,
the reliability and efficiency of equilibrated residual type error estimates for the L* norm of the error on
the stress of conforming displacement finite element approximation of the incremental elastoplastic and
elastoviscoplastic problem are stated and proved. It turns out that the reliability constant Cg . depends
crucially on the hardening material constants whereas the efficiency constant Cg (¢ depends only on the reg-
ularity of the triangulation. The type of dependence of Cg . is established for the class of inelastic material
models introduced in Section 3 and it is shown that also in presence of viscosity the estimate degenerates for
values of the hardening moduli small compared to the elastic modulus. Section 5 finally reports on the
behaviour of the estimates in terms of the hardening parameter and on adaptive strategies based on the
local error estimators ngq r and (1.1). Numerical experiments on model problems show that if we rely
on the efficiency estimate, the adaptive refinement process performs improved convergence rates.

2. Setting of the problem

This section introduces the displacement formulation for stress-based elastoplastic and viscoplastic con-
stitutive models with internal variables, more frequently found in the engineering literature.

2.1. Constitutive model and continuous formulation

Let (0, 7) denote the time interval of interest, 2 a bounded Lipschitz domain in R? for d =2,3,... with
boundary 0Q2 = I'p U I'y, and v the outer unit normal. The boundary 022 is split into a closed Dirichlet part
I'p with positive surface measure and into a Neumann part I'y := 0Q\I'p (possibly empty) where traction
forces are prescribed by g € L*(I'y; RY). The strong form of equilibrium conditions states that the stress
field 0 € & 1= L(Q; RLY), RE: being the set of all real symmetric d x d matrices, satisfies

dive+f=0in Q x (0,7), (2.1)
ov=gon I'yx (0,7), (2.2)
where f € L*(Q; R?) are applied volume force. We suppose, for sake of simplicity, homogeneous geometric

boundary conditions for the displacement field u and introduce the following space of admissible
displacements:
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Vi={ve H(Q%RY): v=0on I'p},

equipped with the H'(Q; RY)-norm and boundary values to be interpreted in the sense of the trace theorem;
V is a closed subspace of H'(Q; R%).
The data f and g are used to define, thanks to the trace theorem, the bounded functional
C:=(f,v) +(g,v)p, € V", V" being the topological dual of V, and (-,-) the duality pairing V" and V.
Given the fourth-order isotropic elasticity tensor C, such that Co = 2ud + Atrdl for 6 € R‘:yf;’, we sup-
pose an additive split £(u) = C o 4 p of the (linear) Green strain

e(u) =sym(Du) = ((u;x +u;)/2: jk=1,....d),

into an elastic e =C '¢ and plastic part p. After introducing further internal (hardening) vari-
ables o € ./ = L*(Q; R") and the hardening material tensor H € Rim" we consider an associative material
law

(e(t) = C7'6) : (1= 0) = H'a- (B — o) < j(x, f) = j(o,20), (2.3)

for all (7, p) € Rfyxnff x R". We assume the plastic potential j : Rfyff x R™ — [0, co] be convex, lower semi-
continuous, proper (i.e., j Z +o00), and that hardening parameters guarantee positive definiteness of the
bilinear form.

Here, in (2.3), and below, the symbol “’ denotes the scalar product of two second order tensors, i.e.
gie= ijzlaijgij, the symbol * is the scalar product in the Euclidean space R”, and ‘|| is the associated
norm. The Lebesgue and Sobolev vector spaces are defined in the usual way.

2.2. Time discretization

A generalised midpoint rule serves as a time discretization. Each time step results in a spatial problem
with given variables (u(t), o(¢),o(¢)) at time ¢y denoted as (uy, o9, %) and unknowns at the time #; = ¢ty + At
denoted as (uy,01,0q). Time derivatives are replaced by backward differences quotients. Let
(o= 00); + (1 — 0)(+)o, with 1/2 < 0 < 1 for the stability of the numerical scheme [23].

Problem 2.1 (The time discrete problem). Given £y € V* and (ug, 09,00) € V X & x M, seek ug € V such
that

/ oy e(v)dx = £y(v) for all v € V and
/Q((s(ug —uy) — C Nog—00)) : (1 —ag) — H oty — og) - (B — ctg))dx (2.4)
< HAt/j(ﬂ:,,B)dx— HAt/j(ag,ocg)dx for all (t,) € & x M.

The displacement formulation of the stress formulation requires to solve pointwise the following incre-
mental constitutive law.

Problem 2.2 (The incremental constitutive law). Given the initial data (g9, 69, %) € R x R x R™ and

. sym sym
the total strain &) € RY5!, seek (ay, a9) € RY5 x R” such that

((e0 — &) — C (00— 60)) : (T — 69) — H™'(otg — 20) - (B — p)
< OALj(t, B) — 0Atj(cg,09)  for all (z, B) € R4 x R™. (2.5)

sym
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By rearranging the terms in (2.5) as follows:

(80 — (80 — Cilﬂo)) . (‘C — O'()) -+ H710C0 . (ﬁ — oc())
< 0Atj(t, B) — 0Atj(0g,00) + C ot (1 — 09) + H ' op - (B — tp), (2.6)

Problem 2.2 defines an elliptic variational inequality, usually referred to as of second kind, which has solu-
tion and is unique [22].

Remark 2.1. Inequality (2.5) shows that for given &, o, o9, the operator &+ g4 is monotone and
Lipschitz continuous, that is, there exists a positive constant dependent on the elasticity tensor such that the
following inequalities hold

C‘O’] — 0'2‘2 < (O'] — 0'2) : (81 —82) and ‘O’] — O'2| < C|81 —Szl, (27)

for solutions (o1,0;) and (o,,a;) of (2.5) and ¢y = & and ¢y = ¢,, respectively.
Proof. Since (o;,0;) for j =1, 2 are solutions of (2.5) one obtains

Atj(O'z,Otz)—eAtj(Gl,(X]), (28)

((81 — 8(]) — 671(01 — G())) : (02 — G]) — IH]fl(cx] — O!(]) . (0!2 — O!]) g
—H~ < Atj(O’l,OCI) — 9Atj(02,oc2). (29)

0
((82 — 80) — C_I(GQ — O'())) : (0'1 — 0'2) 1(0(2 — O(()) . (O(l — O(z) 9

The sum of Egs. (2.8) and (2.9) yields

Cil(O'] — 02) : (0'1 — 0'2) + I]-ﬂ_l(ocl — 062) . (061 — 062) < (O'] — 0'2) : (81 — 82). (210)
The positive definiteness of C leads to
1 _
d/l_‘_#|0'1—0'2|2<([: 1<61_62):(61_O—2)- (211)

The combination of Egs. (2.10) and (2.11) with the positive definiteness of H proves the first inequality in
(2.7); the second follows from the first and a Cauchy inequality. O

2.3. Space discretization

The spatial discrete problem involves a shape-regular triangulation 7 (in triangles if d =2 or tetra-
hedrons if d =3 etc.) of the domain Q in the sense of Ciarlet [16,10]. Hanging nodes are excluded and
UZ matches exactly the domain and its boundary,

U7 =Q=QU0Q.

Here and in the sequel, & is the set of all edges in .. For each element domain T €  of diameter
hy = diam(7) and area |7| >0, £(T) C & denotes the set of the edges of 7. Furthermore, w(7) denotes
the patch of elements 7" sharing a common edge with 7, w(E) the patch of elements having edge E, whereas
&(w(T)) denotes the interior edges of the patch w(7T). Each edge E with E C 0Q satisfies either E C I'p or
E C Ty and this is written as E € &p and E € &y, respectively. All the remaining edges satisfy E ¢ 0Q and
are written as E € &q. This defines a partition

& =6qUdéEpUéN.
Given any edge E € & of length /i := diam(E) there is one fixed unit normal vg; for E € &p U &y on the

boundary we choose vy =v. Once v has been fixed on FE, in relation to vz one defines the elements
T, €7 and T_ € .7, with ECOT_ N 0Ty, as depicted in Fig. 1.
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Fig. 1. Definition of the elements 7'y and 7_ in relation to vg.

Furthermore, given E € &q with unit normal vz and v a vector field defined in Q, we denote by [v]g the
jump of v across E in the direction vg, i.e.

[V]g(x) = vl (x) —v[; (x) forxe€E and ECOT_ NOT,.

The finite element method is defined by the finite element space V), of the trial and test function space, here
coincident. For any subset o (patch, triangle, or edge), let P;(w; R?) denote the vector space of all algebraic
polynomials in d variables on w of total degree at most k£ € N. Then,

Pi(T5RY) i= {v, € L(RY) : VT € T ,u4), € Pi(T; RY)}

denotes the piecewise polynomials of degree at most k where piecewise is with respect to the shape-regular
triangulation .7; in general, the functions in P;(7;R?) are discontinuous. The globally continuous func-
tions in P;(7; R?) form the Py finite element spaces,

Py =P (7;RYNC(RY)  and V= Py(T;R)N V.
The conforming finite element approximation of Problem 2.1 reads as follows.
Problem 2.3 (Fully discrete problem). Given ¢, € V" and (to.n, Oop, o) € Vi X F X M, seek ug,, € V), such
that
/ag,h :e(v)dx = £y(v) for all v € V), and (2.12)
Q
/((S(Ue,h —upp) — C_l(ﬂe,h —004)) : (T —004) — Hfl(ﬁ%a,h — o) - (B — opn))dx
Q

< 0Ar / jr, B)dx — OAt / Hoom aes)dx for all (z, f) € & x M. (2.13)
Q Q

Remark 2.2. Problem 2.3 involves a finite element approximation exclusively for the displacement. The
variables (ay,0;) are obtained by the pointwise solution of the incremental constitutive Problem 2.2.

We refer to [24] for details on existence and uniqueness of discrete solutions established for P; triangular
finite elements, and mention only that (2.12) is the discrete weak form of Egs. (2.1) and (2.2) whereas (2.13)
is the equivalent integral form of (2.5).

3. Examples in elastoplasticity with hardening and viscoplastic regularization

This section introduces a general class of inelastic material models that will be analysed in this paper.
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3.1. Plasticity with combined isotropiclkinematic hardening

Letm =1+ d(d+ 1)/2, identify R" = Rfyﬁi x R, and write a = (), @) where y is the back stress tensor and

a is the accumulated plastic strain which is a nondecreasing and nonnegative function of the time. Introduce
the elastic domain

E:={(0,1,a) € R x RG X R|p(a,7,a) <0}, (3.1)

sym sym
where ¢(a,y,a) is the continuous and convex von-Mises yield function
P(0,y,a) = |deve —devy| — (6, + Ha), (3.2)

in case a > 0 (and ®(g,a) = oo if @ <0 which, thereby, is not allowed). In (3.2) the material constant g, > 0
is the yield stress and the constant H > 0 is the hardening modulus. If ¢ is the kinematic-type internal var-
iable conjugate of y, we assume y = k& which is the Melan—Prager law and k& > 0 a material constant.

The evolution law of the kinematic-type internal variables (p, &, a) are obtained by choosing j = I in
(2.3), with /¢ indicator function of E ([19]). As a result, (2.3) is recast as

(p,—&,—a) € dlk. (3.3)

3.2. Viscoplastic regularization

Following [18] the viscoplastic material model is defined as a Yosida regularization of the plasticity
material model. If ITz denotes the L*-projection of the generalised stress X = (o, 1, Ha) € R x

sym
R%*? x R onto the elastic domain [E and g is the regularization parameter, which can be considered as a vis-

sym

cosity coefficient, the evolution of the internal variables are defined as follows.

Let
1
J(2) = . DRk (3.4)
from (2.3) one obtains [23]
o . 9i(2) 1

By letting ¢ — 0, the model (3.3) of rate-independent plasticity is retrieved [18]. For elastoviscoplasticity
with linear kinematic/isotropic hardening and von Mises yield function, once IT is evaluated, from (3.5)
it follows:

.1 dev(a — k&)
p= E(|dev(a - ké)' - (O'y +CZH))+ |dev(a _ ké)| )
;1 dev(o — k&)
f-3—Q(|dCV(O’—ké)| _(Gy+aH>>+ |deV(O'—ké)|7 (36)
= 5 (dev(a — k)| = (0, + at)..
where for a € R, (a), = max{0,a}. Hence, the incremental evolution law (2.5) reads
_ 0t ke oy dev(on —kSy)
Pe—Po—zﬂ ev(oy — k&p)| — (oy +ap ))+m»
_ 0Ar ke dev(ay — k&p)
é() - éO - 3@ (|deV(O'9 ké())‘ (Jy + aﬁH))+ |deV(O'() _ kéﬁ)l ) (37)

0At
ap — ag = @ﬂdeV(Ue —k&o)| — (o, + Hay)), .
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Remark 3.1. For the model (3.7), Problem 2.2 can be solved in closed form with respect to the trial elastic
state (g — (g9 — C o), o) [39,15].

4. Reliability and efficiency of ngo

In this section after recalling the equilibration technique, we state and prove the main results of the paper
on the reliability and efficiency of equilibrated residual type error estimates for the L? norm of the error on
the stress.

4.1. Equilibrated residual error estimates

Let gy and oy, be solution of Problems 2.1 and 2.3, respectively. The residual functional produced by the
stress field oy, in the equilibrium equations is the element of V* defined by

(Ry,v) :=Lp(v) — / oo e(v)dx = /(O’g —0ps) @ &(v)dx. (4.1)
Q Q
Equilibrated error estimates are based on

(i) a localization of the global residual (R;,v) into equilibrated element residuals,

(Ri,v) =Y 6;%(v) forallveV (4.2)

TeT
with the property that
) =0 for all v € RM(T). (4.3)

(i1) a Riesz representation of the bounded linear functional E?Q in the Hilbert space # 7.
If T € 7 is such that 0T NI'p # @ and 8T NI'p C &p, the local space # ' is defined as
Wri=Hy(T;RY) == {we H(T;R') : w=0 on 0T N I'p}, (4.4)

otherwise we assume
W= H(T;R")/RM(T). (4.5)

Here, RM(T) denotes the kernel of &(v|7), namely the set of the rigid body motions on the element 7 € J~
[34]. In the latter case, (J7&(v) : s(v)dx)l/ %is a norm in ¥ 7, for it is equivalent to the quotient norm thanks to
the Korn inequality and the equivalence of the seminorm ||Du/| 2(r.rixey to the quotient norm in (4.5) [16,34].

The localization of the integrals in (4.1) over each T € 7, use of the integration by parts, and suitable
rearrangement of the several terms on the boundaries yields [6]

(R, v) =) /r,,,.vdﬁz /th.uds. (4.6)
Te7 YT Ecé YE

In (4.6), r.7 := divsay, + f defines the regular component of (R,,v) associated with the lack of equilibrium
at the interior of each element 7 € .7, whereas for each edge E € &,J,, ¢ defines the singular component and
denotes the jump of the normal tractions of the stress fields across E in direction vg,
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[owvelg  if E € &g,
Jh,E: g — oy if E € &N, (47)
0 if E € ép.
Notice that [6,vg]r does not depend on the orientation of v.

Localization of the residual into equilibrated element residuals is obtained by assuming a splitting of the
interelement flux J;, g meeting the following conditions:

Jng +I05 = Jhe,

0:2(v) = /m vdr 4+ > /JTE vds =0 for all v € P,(T; R?),

Eeé(T

with J,’fE =Jyeif E € &y UéEp [6, p. 500]. Here, Pi(T; [REd) denotes the local finite element space and (4.8), is
referred to as pth-order equilibration or prolongation condition [2,28]. Since RM(T) C P;(T;R), condition
(4.3) is enforced as well. Hence, (R, v) reads

(Riyv) = 7%(v) /rhT vdx+ Y / I vds. (4.9)

TeT TeT Eeé(T

(4.8)

For the definition of ZI;Q, several equilibration techniques have been proposed [27,28,7,3,29] according to
the definition of the splitting of the interelement flux J;, r and the solution of the resulting system in terms
of the degrees of freedom that define the polynomial pointwise distribution of the element boundary trac-
tions J;E on E € &(T). In this paper, we consider the flux splitting given in [3], that is, for E € &q, let

J;E =gelr. — only,vr, and Jhr = elr = ouly vr, (4.10)

with ggl, + gE|T = 0,vy the outward normal to 7, and g,|, the restriction of o, to T, whereas for
EGéDNUCfgl)D, EiJh
The Riesz representation of the bounded functionals KEQ( ) is obtained by the following theorem.

Theorem 4.1. Given any T € T, there exists a unique ¢y € W 'p with

/ e(dr) : e(v)dx = £2%(v)  for all ve Wy. (4.11)

Proof. If W, = H,(T;R), using the second Korn inequality, one can easily show that Lax-Milgram the-
orem applies. If W = H'(T; R?)/RM(T), since £52(v) = 0 for all v € RM(T), the functional £:(v) is well
defined over H'(T;R?)/RM(T) and is therein continuous. Hence, the Riesz theorem applies and proves the
assertion. [

Definition 4.1 (Error estimator ngg). Given the finite element stress field ¢, and an exact splitting of the
residual jump Jj, g into J ,ig and J ;}5 (and standard modification if E C I'y) meeting conditions (4.8), define

the functional ¢:2(v) for v € #'; by

ER(p) = /r” vdr 4+ > /JZ*E vds.

Ecé(T

For each element 7 € .7 define ng, , as

Bz = ()] Bigmis, = / (r) * e(br)dx. (4.12)
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As a global error estimator define

12
Neq ‘= <Z n%Q,T) . (4.13)

TeT

4.2. Main results

The equilibration technique described in the previous section provides reliable and efficient estimates for
the L* norm of the error on the stress of conforming displacement finite element approximations of the
incremental Problem 2.1.

Theorem 4.2. Assume Problems 2.1 and 2.3 are defined by the same initial data, i.e. uy= g, 6o= 0o, and

o = 0o . Denote with neq, 1 the local error indicators defined in (4.12).

(i) Reliability of ngq. Given any element T € T there exists a constant Cr(H, C) dependent on the material
properties and regularity of the triangulation such that

1/2
lloo — ‘70,hHL2(g;RM> < (dA+2p) (Z Cr(H, C)’ﬁéQ,T) : (4.14)

TeT

(ii) Efficiency of neq. There exists a positive constant Cey depending on the regularity of the triangulation
and on the polynomial order such that

I’]EQ — hot < CeffHCT@ — GHJ[HLZ(Q;Rdxd). (415)

For the explicit expressions of the constants Cy that enter Eq. (4.14) we refer to the material model given in
Section 3. Different cases need to be distinguished according to the conditions associated with the solu-
tion uy of Problem 2.1 and the solution uy, of Problem 2.3. These are summarized by the following
proposition.

Proposition 4.1 (Hardening depending reliability). Suppose uy and uy, satisfy at any point x € T one of the
following conditions:

(1) If elastic deformations occur in correspondence of both uy and uy , then holds

Cr=02p " (4.16)

(ii) If inelastic deformations occur in correspondence of both uy and uy, then there holds

Cr = (2u) "' +20At/ (30 + HOAt + kOA?). (4.17)

(iii) If inelastic deformations occur in correspondence of either ug or uy,, then holds

Cr = (2u) "' + 0At/ (30 + HOAt + kOA?). (4.18)

Remark 4.1. According to Proposition 4.1 (4.14) is not a full a posteriori error estimate, since the constant
Cr depends on uy. In practice, we consider only the conditions defined by the finite element approximation
up , with the constant given by Eq. (4.17) upon the occurrence of inelastic deformations.
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4.3. Proofs of main results

The proof of Theorem 4.2 is obtained in steps. We first recall the following results and prove Proposition
4.1.

Lemma 4.1. Let (ug,09) € V x & and (up, 60) € Vi X & be solution of Problems 2.1 and 2.3, respectively.
Then there holds

(2/.1 + di)71”09 - thhHiZ(Q;Rdxd) < ||O'9 - O‘@\h”é—] = /(O’g - 0'6,11) : C_I(O'(g - O'g_’h)dx
Q

< /Q(O’(/ — o) : e(ug — up)dx. (4.19)

Proof. The first inequality follows easily from the decomposition in spheric and deviatoric part of the stress
tensor and of its expression in terms of the elasticity tensor. The second inequality follows from the same
arguments of Remark 2.1 concerning the monotony of the operator ¢+ g9. [

Lemma 4.2 (Pointwise bound on the error on the elastic strain tensor). Denote with e = C'¢ the elastic

part of the total strain. Then there holds
leo — eou] < (210) o0 — Gual. (4.20)

Proof. This follows from o =2ue + Atrel. 0O

Lemma 4.3 (Pointwise bound on the error on the plastic strain tensor). There exists a material dependent
constant Cy such that there holds

1Py — Posl < Culog — aal, (4.21)
with

(1) Cy = 20At/(30 + HOAt + kOAy) if inelastic deformations occur in correspondence of uy and ug y;
(1) Cy = 0At/(39 + HOAt + kOA?) if inelastic deformations are associated with either uy or ug,.

Proof. (i) Let y = 0A#/(30). By solving (3.7); with respect to @y and replacing into (3.7),, and taking the
deviator of both sides, one obtains

deu(es — &) = 1 (devlon — k&) (o + Hau)) ot 40 422)
which also yields

(dev(oy — k&)] = f/VH (dev(&y — &)| + (0 + Hay). (4.23)
Since ag = aqg, it is

|dev(ay — k&p)| — (oy + aoH) > 0, (4.24)
therefore, by accounting of Eqs. (4.23) and (4.24), (4.22) reads as

dev(&y — &) = [dev(Sy = <o)l dev(ay — k&y). (4.25)

~ |dev(oy — k&))|
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From Egs. (4.23) and (4.25), after some rearrangements, one obtains

7ldev(&y — &o)ldev(ap — k&)
(14 7H + pk)|dev(&y — &o)| + 7(oy + Hap)

dev(&y — &) =

which gives

dev(ey — &) = 11dev(o0 —k&o)| — (o, + Hao))

1 +yH + vk
By replacing then (4.27) into (4.26), one finally obtains
y |dev(oy — k&y)| — (ay + Hay)
&) = —ké&).
dev(&y — <o) 15 9H + 7k idev(oy — k&)| dev(ay — k&)
Likewise, it is
y |dev(ag, — k&)| — (oy + Hao)
d &) = : d —k&p).
ev(&on — <o) 11 yH + 7k dev(ag, — k&o)] ev(ao, — k&)

For the ease of the proof and to simplify the notation we introduce the shorthand

X :=dev(ag, — k&), Y :=dev(og, — k&),
e W—(otHa) Y= (o +
C 14 9yH +yk |X| ’ "1+ 9yH + vk |Y]

By combining Eqs. (4.28) and (4.29), it follows:
dev(&y — &op) =xX —yY =3(x — )X +Y) +3(x + )X - Y).

From (3.7), and the corresponding equation of the fully discrete scheme, one can easily state that

1S — Coul = |dev (&g — o)l

so that applications of the triangular inequality in (4.30) produce

180 — Coal <Al —y[(1X] + [Y]) +4x + y||X = Y].

Also, it is
eyt (Mo ) (o Ha)
1+ yH + yk 1X| Y| S 1 +9H + 9k’
After some rearrangements, one obtains
Y oy + Hay 2y
x —y|(|X|+|Y]) = X|+|YDIX]| = Y|| < ————|X
b= T+ 1Y1) = e Sy (K1 DI = 17 <
By accounting of the expression of y (4.32) can be recast as
2y 20At
— Eopl < ————|dev(ap — < — Goal.
1€ — Eoul 1+yH+yk| ev(og — o) 3Q+H0At+k0At|66 o]

Since pg — pon = &9 — o one proves (4.21) for Cy = 20At/(3¢9 + HOAt + kOA?).
(i1) If, for instance, uy; does not produce inelastic deformations, it is

Pon =Po>  Son = S0y aon =ao, |dev(oo, —k&y)| — (oy + Hag) < 0.
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(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

On the other hand, since uy produces inelastic deformations, Eq. (4.28) holds, and accounting for (4.36), it

follows:
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dev(Ey — &) = ww ke~ (oy + Ha)

1+ yH + vk
< m‘dev 09 — kéo)‘ — |deV(69h k£0)|’ m| O‘(‘?,h|- (437)
As a result, from (4.36),, (3.7), and the expression of y, one finds
OAt

1€o — Conl = €0 — ool = |dev(&p — o)l < 30 +H0At+k0At|aU = 00l (4.38)
proving (4.21) with Cy = 0At/ (3¢ + HOAt + kOAr). O
Proof of Proposition 4.1. From the additivity of the total strain,

&(up — “H,h) =€y —epy + Py — Pops (4.39)

combining the results of Lemmas 4.2 and 4.3, and using the triangular inequality, one obtains the following
pointwise bound for the norm of the total strain tensor

le(utg — uo )| < leo — eon] + Py — Posl < ((20) ™" + Cui)loo — o4 (4.40)

with Cy varying according to the cases of Lemma 4.3. [
From (4.40), and assuming Cy constant over T, one concludes that given any T € .7 there holds
lle(uo — uon)ll 2z ety < Cr(H, C)llog — Gall 2(.peea) (4.41)
where we have let C7(H,C) := (2u) " + Cy.
Proof of Theorem 4.2. (i) Reliability of #gq. The Galerkin orthogonality and Lemma 4.1 yield

1
m HO’() - O'gyhlliz(Q;Ram/) < /Q(O’() - 00,11) : S(ng - u()’h)dx = <Rh, Uy — ug,h>. (442)
Recalling the localization of the residual at any 7 € 7 given by (4.9) and Theorem 4.1 it follows that
(Rh,u(; — u()_’h) = Zfr(ug — u(),h) = Z / 8(¢T) : S(Ll() — uovh)dx. (443)
TeT Te7 4T

Using Cauchy-Schwarz inequality and (4.41), one obtains

/dmwwwwmm<mwmmmm
T
< ”‘g(d)T)”Lz(T;R’IXd)CT(H? C)lloe — 0'0,hHL2(T;Rdxd)- (4.44)

Summing over each element and the discrete form of the Cauchy—Schwarz inequality yield

S [ edr)s o= ma)as

Teg

1/2 1/2
<<Z@M@M%%mm><ZWermm>- (4.45)
TeT TeT

By combining Eqs. (4.42), (4.43), and (4.45), one finally obtains (4.14).
(ii) Efficiency of #gq. By accounting of (4.10) and corresponding modification if £ € &n U &p, rearrange
the terms in (4.8) in the form

|8(u0 - “0,11)HL2(T;R4X")
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890) = [mrevart 3 [ (el — (owe) - vds 5 3 [neeods (4.46)

Ecé(T) Ecé(T)
with
owly + onlp)ve on E(T)NET),
<6hvE> = O'h|TVE on g(T)ng,
g on &(T) N é.

For the edge E € & \ I'y introduce the L*-orthogonal projection IT . of L*(E; R?) onto P,(E; R?). For the
equilibration condition (4.8),, and with g;|, € Py(E; R?), there holds [26, Thm. 4.41], [1, Thm. 3]

2 2 2
hr Z ||gT_HE,k<‘7hVE>||L2(E;R“)<C hZT Z ||rh«,T'||L2(T’;Rd)+hT Z HJh,E||L2(E;Rd) ) (4-47)

Ecé(T) T'Co(T) Ecé(o(T))

with C a positive constant depending on the polynomial degree k£ and not on the mesh size. After introduc-
ing the mean value of v as v = 1/|T| [,vdx, from Eqs. (4.11) and (4.46) it follows:

[ ot0) s stohdr = [ o) s ol - ) = B2~ )
:/Tr”.(v—a)dx% 3 /EJh‘E-(v—z’))ds

Ecé(T)
+ ) /E (gz — (o4vg)) - (v —D)ds. (4.48)
Ecé(T)

For v = ¢ in (4.48), the Cauchy inequality first, and the Poincaré inequality then, give

1/2
’1123Q,r < C”Dd)T”LZ(T;[R"X") (”hTrh,T”LZ(T;R") + Z ||h5/ Jh,E”LZ(E;[de)
Eeé(T)

12 12
+ 3 I (gl = Terlove) lzean + Y (HE.,k<0hvE>—<0hv5>)|Lz(E;w)>-
Ecé(T) E€é(T)

The Korn inequality [|Dor| 2 rpaxa) < Clle(dr)ll 2 pixa), the definition (4.12) of ngq.7, summing over
T' € o(T), and the estimate (4.47) finally yield the following local efficiency estimate

1/2 1/2
Neqr < C ||hrh||[,2(m(T);Rd) + Z ||hE/ Jh.,EHLZ(E;Rd) + Z ||hE/ (Hgxlonve) — <‘7hVE>)HL2(E;Rd) )
Eeé(o(T)) Ecé(o(T))
(4.49)
with C depending on the shape of Q and on the polynomial degree k. }
Following the technique with inverse estimates due to Verfiirth [41,42], denote by f and g a finite element
approximation of f and g, for instance piecewise constant. Define J r=g—op if E € &y, otherwise
Jp = Ji.e, then there holds

||hTrh,T||L2(T;[R“') < C(|le - Gh”Lz(u)(T):[R“d) + [/ —f)HLZ(w(n;Rd))a

B2 <C I . W2 - (4.50)
(A Jh,EHLz(E;[R") < C(|Jo - ahHLZ(w(E);[R’IXd) + ||A(f _f)HLZ(w(E);W) + g (Ine _JE)||L2(E;Rd))7



2588 C. Carstensen et al. | Comput. Methods Appl. Mech. Engrg. 195 (2006) 2574-2598

with C a positive constant depending on the shape regularity of the triangulation. Hence, (4.50) together
with (4.49), and the finite overlap between the patches of elements, establish finally (4.15). O

5. Adaptive algorithm and numerical examples

This section is devoted to numerical experiments on a posteriori error control and /A-finite element adap-
tive algorithms for a single time step of the elastoplastic and viscoplastic evolution problem. An /A-finite ele-
ment adaptive algorithm consists of recursive loops of the form [9].

SOLVE — ESTIMATE — MARK — REFINE

All the discretizations are generated by Algorithm 5.1 where for the step ESTIMATE we use g and #gq,
whereas the step MARK is defined by the max-refinement rule that marks a subset .# C & according to
(5.1). We consider @ = 0 for uniform meshes (as all elements in step (e) are marked) and @ = 1/2 for adap-
tive mesh-refining (related strategies and a different choice for 0 < ® <1 are disputable). Notice that the
algorithm is the same as in linear elasticity, for the estimates ngq and ng are related only to the norm of
the residual in the equilibrium equations.

Algorithm 5.1

(a) Start with a coarse mesh 7, set k =0.

(b) Solve the discrete problem with respect to the actual mesh .7 for N degrees of freedom.

(c) Compute nr = neq,r (resp. nr=nr,7) forall T € 7.

(d) Compute ny = (276,7;7%)1/2 as estimate for ex := [|6g — 64l 2(g)-

(e) Mark the element 7 for (red) refinement provided
O max n; < ;. (5.1)

T'eTy

(f) Mark further elements (within a red—green—blue refinement) to avoid hanging nodes. Define the result-

ing mesh as the actual mesh 7, update k£ and go to (b).

Details on the so-called red-green—blue refinement strategies may be found in [41].

In the following three numerical examples, all involving linear kinematic hardening, a backward Euler
time scheme has been employed for the time discretization, whereas the space discretization has been ob-
tained with P, finite elements in order to prevent locking [43]. For the evaluation of the equilibrated error
estimates, the flux splitting detailed in [3] with first-order equilibration has been assumed. Computable
approximations to the solution of the local Neumann problems (4.11) have been obtained using a P4-finite
element method which delivers reliable and efficient computed estimates as well, provided that the given
data are smooth.

In the first example, with known analytical solution, we analyse the behaviour of the exact error
e := ||og — 09,||;> and of the bounds Cenr, Creiffeq With the hardening modulus k and the number of de-
gree of freedom. In the next two examples, for the presence of a singularity in the stress field and motivated
by the efficiency estimate, we compare uniform and adaptive refinements based on 5gq and #g.

5.1. Elastoplastic ring with known solution

Consider the ring depicted in Fig. 2 with no volume force (f=0) and radially applied surface forces
g1(r,d,t) = te, and gx(r,¢,t) = —t/4e,, where e, = (cos ¢, sin ).



C. Carstensen et al. | Comput. Methods Appl. Mech. Engrg. 195 (2006) 2574-2598 2589

A

E = 210000, v = 0.28
PR
=90+

\ = vE

(1+v)(1—2v)
> a=p+A

_ 2
H_Zu—t-)\

. 4dak

" 3(ak + k)
oy =5

Fig. 2. Geometric model for the ring with elastoplastic and kinematic hardening material. Initial mesh 77: 48 P,-elements.

The analytical solution for the body centred at the origin with no rotation reads
u(r, o, t) = u(r,t)e,, (5.2)
o(r,d,t) =o.(r,t)e, @ e, + ay(r,t)ey @ ey, (5.3)
p(ri¢,1) = p.r,1)(e, @ e, — ey @ ey)
(see [12] for details) with e, = (— sin ¢,cos ¢) and

u.(r,t) =t/2ur) — (2/3)x(r + 4a/(w)I(1) — 2xrl (r),
o, (r,t) = —t/r* — (2/3)ax(1 — 4/r)I(1) — 2axl(r),
oy(r,t) = 0(ra,)/0r,
p(r 1) = —oy/(V2(ar + k) (R /r* = 1),
1(r) = =0,/ (V2(ar + k) (1/2(R*/r* = 1), = (In(R/r)), ).
The radius R(z) of the circular plastic boundary is the positive root of
aInR* = (0 — )R* — o+ 1v2/a,.

A uniform time-step size 0.1 over the time interval (0,4.0) has been used and according to symmetry,
only a quarter of the domain has been discretized with symmetric boundary conditions and the initial
coarse mesh 7 of Fig. 2. Within each refinement step (f) of Algorithm 5.1, new nodes on the boundary
are projected onto the curved boundary.

For only purpose of comparison we consider here the worst scenario given by the occurrence of inelastic
deformations in correspondence of both u,41 and u,+ 5, and C7from (4.17) constant over each element. In
presence of viscosity from (4.14) follows:

Cra = (dA+20)Cr = (di+21)((20) " +2/(3p/At + k) (5.5)

with d = 2. The values of C, for different values of k and p/Ar are reported in Table 1. Although the pres-
ence of viscosity reduces the value of C,. for small values of k, its value still remains prohibitive for pro-
viding useful upper bounds. On contrary, the influence of p is not relevant for values of k close to the elastic
modulus.
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Table 1
Variation of the reliability constant Cy from Eq. (5.5) with the hardening modulus k and the ratio p/At

k Crel

p/At=0 plAt =1 pl/At =10 p/At =100 p/At = 1000
0.1 7,457,389 240,563 24,778 2487 251
1 745,740 186,437 24,058 2480 251
10 74,576 57,367 18,646 2409 250
100 7460 7242 5739 1867 243
1000 748 746 726 576 189
10,000 77 77 77 75 60
28,000 29 29 29 29 26
50,000 17 17 17 17 16
100,000 9.7 9.7 9.7 9.7 9.5
150,000 7.2 7.2 7.2 7.2 7.1
200,000 6.0 6.0 6.0 6.0 5.9

Notice that for useful values of C,, the influence of the ratio p/At is small compared to k. The elastic material constants are
E =210,000, v=10.28.

For the model problem under consideration, with no viscosity, Table 2 reports the error on the stress for
different values of the hardening modulus &, along with the value of the estimates ngq and g, the reliability
constant Cy as from (5.5) for ¢ — 0, and the effectivity index

(= (d2+2u)(2u) " +2/k)n/llo = aul - (5.6)

For n = ngq and n = yr, (5.6) gives {gq and (g, respectively.

The error bound C, 7 crucially depends on the factor C,. Apart from the critical dependence on the
parameter v, present also in elasticity, there is a by far problematic dependence on k. The value of this var-
iable is critical in the comparison with the elasticity modulus. It is seen that the effectivity index results in an
acceptable value only for k close to E. For small values of k compared with the elasticity modulus E the
effectivity index is very high and for k — 0, C,,; — oo. This corresponds to the case of perfect plasticity,
which is therefore ruled out in our considerations. Furthermore, it is interesting to notice that when we
compare only # with the exact error e, the equilibrated estimate ngq is closer to e than ng.

Table 2

Variation of the effectivity index and of the value of the reliability constant with the hardening parameter k

k llo — ol NEQ R Crel {rq {r
150,000 0.000893 0.001449 0.004084 7.2 11.8 33
100,000 0.001001 0.001608 0.004747 9.7 15.6 46
80,000 0.001055 0.001683 0.005121 12 18.59 56
50,000 0.001141 0.001791 0.005807 17 27 87
28,000 0.001188 0.001853 0.006302 29 45 153
10,000 0.001194 0.001869 0.006910 77 120 444
1000 0.001179 0.001848 0.007177 748 1172 4550
100 0.001177 0.001846 0.007212 7460 11,695 45,703

It is noticed that the value of C,q, (g, and (g depend crucially on k, with high overestimation for values of k small compared to the
elastic modulus. The values reported in the table refers to the analysis carried out in the last time step on a mesh with 49,666 degree of
freedom.
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Fig. 3. Convergence history of the error, of the bound Ciatgq, and Crer as a function of the degrees of freedom and different values
of the hardening modulus k. In the top picture the behaviour of C,17gq and Cinr is compared to the error for values of k = 1.5 x 10,
10°, 8 x 10%, 5 x 10* noting that both the bounds are closer to the error for k = 1.5 x 10° whereas Crellfeq provides sharper bound. In
the bottom picture, reduced values of k are considered, k = 2.8 x 10%, 10%, 10%, 107, with both Crar and Crenr hugely overestimating
the error.

The behaviour of the exact error e, of the bounds Ciieq, and Crer With the number of degrees of free-
dom and the hardening parameter £ is finally plotted in Fig. 3. A behaviour similar to the one described in
Table 2 can be noted with the hardening modulus. Given the regularity of the solution, both the bounds
Cretieq and Cignr perform a convergence rate with respect to the number of degrees of freedom of about
1 for uniform refinement. This corresponds to the convergence rate of 2 with respect to a (uniform) mesh
size h, consistently with the use of P, finite elements and to the estimate in energy norm.
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5.2. L-shape domain

The L-shape domain Q = (0, 1)?\(0,0.5)* with vanishing volume force fand boundary conditions depicted in
Fig. 4 is analysed. Only one time step, equal to the time interval (0, 0.1), is considered for the time discretization

yf
|
} Iy g=0,1.20)
0.9
FN 0.8]
g=(0,0) o
E = 206900
0.6|
0.5 V= 0.29
[y k=5x 10"
9=(0,0)
oat oy oy =107
g=(0,0)
0.1
X
A R S T X
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
FD uD:O

Fig. 4. Geometric model for the L-shape domain with Dirichlet boundary condition ¥ = 0 on I'p and Neumann boundary conditions
g=1(0,1.2t) on I'y at y =1 for ¢ € (0,0.1). Initial mesh 7 : 48 P,-elements.

1 T T T
—+—1n,~adaptive
— nEQ—uniform
—¥— ny-adaptive
N —=— ny-uniform
1074F E
——ozs
1072¢ 3

nEQI T]R

L7 lh 3

10—4 Il Il L
102 103 104 10° 106

Number of Degrees of Freedom

Fig. 5. Convergence rate of ngq and g for uniform and adaptive finite element refinements based on ngq and nr for the L-shape
domain. Both estimates ngq and ygr perform a convergence rate with respect to the number of degrees of freedom of about 1 for
adaptive refinement in contrast to 0.33 for uniform refinement. This corresponds to the convergence rate of 2 and 0.66, respectively,
with respect to a (uniform) mesh size /.
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Fig. 6. Adapted meshes 7, ..., 7 ; generated by Algorithm 5.1 with © = 1/2 for the L-shape domain based on a refinement with #7gq.
The mesh refining Algorithm 5.1 driven by #gq produces local higher refinement towards the reentrant corner.
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Fig. 7. Geometric model for the Cook’s membrane with =0 on I'p and applied load g = (0,8¢) on the boundary I'y at x = 48 for
t €(0,1.0). Initial mesh 7: 128 P, triangular finite elements.
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Fig. 8. Convergence rate of #gq and nr for uniform and adaptive finite element refinements based on ygq and ngr for the Cook’s
membrane. Both estimates ngo and yr perform for adaptive refinement a convergence rate of about 1 corresponding to the
convergence rate 2 with respect to a (uniform) mesh size 4.

of the evolution problem with the backward Euler scheme, whereas the coarse mesh .7 with P,-triangular ele-
ments shown in Fig. 4 realises the space discretization in the first step of Algorithm 5.1 with @ = 1/2.
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Fig. 9. Adapted triangulations 7, ..., 7 s for the Cook’s membrane generated with the Algorithm 5.1 with ® = 1/2, and based on a
refinement with #gq. Notice a local higher refinement towards the upper left corner where change of boundary conditions occur and at
the right end where point loads are applied.
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For elastic behaviour, the analytical solution presents a typical corner singularity in the stress field at the
reentrant corner. In the elastoplastic case the exact solution is unknown and we suspect that it might show a
similar singularity at the origin. Hence, adaptive algorithms should lead to a better convergence. This is
shown in Fig. 5 where convergence rates of #r and ngq for uniform and adaptive refinement based on
nr and ngq, respectively, are compared. One can notice that the uniform mesh-refinement converges only
sub-optimally due to the singularity, as expected, while adaptive mesh-refinement based on both ygq and ng
recovers optimal convergence rates, also on occurrence of plastic deformations. Finally, Fig. 6 depicts the
triangulations generated with Algorithm 5.1 showing a local higher refinements towards the reentrant
corner.

5.3. Cook’s membrane

The Cook’s membrane depicted in Fig. 7 is clamped at one end and subjected to a shear load g = (0, 8.0¢)
along the opposite end (and vanishing volume force /= 0). Also in this example only one time step equal to
the time interval (0, 1.0) is considered for the time discretization of the evolution problem with the back-
ward Euler scheme, whereas the coarse mesh 7 with P,-triangular elements shown in Fig. 7 is used for
the space discretization in the first step of Algorithm 5.1.

This problem as well is meant to serve as test for the performance of adaptive finite element methods for
incremental plasticity. The proposed Algorithm 5.1 leads to a slightly better order of experimental conver-
gence depicted in Fig. 8 with adaptive finite element refinement based on both ygq and #g. The triangula-
tions generated by Algorithm 5.1 based on 5gq, reported in Fig. 9, show local mesh refinement towards the
upper left corner where a change of the type of boundary conditions causes a singularity, and at the right
end where point loads are applied.

6. Conclusions

This paper establishes reliability and efficiency of equilibrated a posteriori error estimates for L? stress
error control of conforming displacement finite element approximations. For the explicit bounds, explicit
expressions of the reliability constant are developed in terms of the hardening parameter for a quite general
class of inelastic material models. Theoretical and numerical considerations illustrated the crucial depen-
dence of the reliability constant on the hardening parameter leading to a deterioration of the guaranteed
upper bound when k approaches zero. This corresponds to perfect plasticity where the estimate is not the-
oretically justified. Furthermore, motivated by the efficiency estimate, using directly ngq and/or ng in the
adaptive mesh-refining Algorithm 5.1 one improves the quality of the spatial discretization in case of non-
optimal quasiuniform meshes. The related estimator #go and also #r showed a significantly improved
experimental convergence rate for the examined model problems.
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